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Prove that (1 +2)” <1+2%for 0 <z <1.

Solution 1 by Arkady Alt, San Jose, California, USA.

The inequality (1 + )% <1+ 22,0 <z < 1 immediately follows from the Bernoulli
inequality:

1+ >14at,t>-1,a>1. (1)
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Indeed, for 0 <z <1 < — >1, and by (1) we have
x
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(I+a2®)7 >1+2> —=1+2 < 1+2°> (1+2)"
xr
For x = 0 the original inequality is obvious.
Another way to prove the inequality (1 + z)* < 14 22 is based on using the Weighted
AM-GM Inequality: uPv? < pu + quv where u,v,p,q >0 and p+q = 1.
Indeed, foru=1+z,v=1, p==2, g=1—x we have
Q+z)* 1" <(Q42)z+1-1-2) < (I+2)*<1+2%
(1+2)"<1+ax, wherez > —-1and 0<a <1. (1)
Applying inequality (1) to a = x we obtain (1+ z)* < 1+ 2.
Solution 2 by Albert Stadler, Herrliberg, Switzerland
We have equalityfor z = 0 and = 1.

We assume that 0 < x < 1. We expand (1 + x)* into a binomial series and get
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Solution 3 by Michael Brozinsky, Central Islip, NY

1
Consider g(u)z(l—i—u)a on (0,1). Tt is decreasing since

1 (11u—ln(1+u)>

o' (w) = (1+u)u w2
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